Abstract. This paper deals with a systematic design procedure that guarantees the stability and optimal performance of the nonlinear systems described by Takagi-Sugeno fuzzy models. Takagi 
Introduction
Although it was used succesfully in many complex industrial applications such as Mamdani's steam engine and boiler combination [1] , Kickert's warm water plant [2] , and Ostergaard's heat exchanger system [3] , rule-based fuzzy control systems did not have some powerful features that existed in conventional and modern control theories such as stability analysis, optimality and robustness which are very important especially in fail-safe applications. Therefore there has been a great interest in stability analysis and systematic design of fuzzy control systems which are essentially nonlinear.
Takagi and Sugeno introduced the "Takagi-Sugeno (T-S) fuzzy model" [4] which represents the local dynamics of the nonlinear system by linear models in different state space regions. The overall system is obtained by fuzzy blending of these linear models. Based on the T-S fuzzy model, Wang et. al. designed a controller by using "parallel distributed compensation (PDC)" scheme where a linear state feedback controller is designed for each linear model [5] . The sufficient conditions for the stability of T-S fuzzy control systems were first proposed by Tanaka and Sugeno [6] . These conditions require the existence of a positive definite matrix P which satisfies a set of Lyapunov inequalities. These inequalities can be transformed into "linear matrix inequalities (LMIs)" which can be solved using interior-point convex optimization methods [7] . Jadbabaie et. al. were not only interested in stability but also considered the performance of the control system [8] . Using the guaranteed cost approach [9] , they minimized an upper bound on a linear quadratic measure representing the control effort and regulation error. They showed that this problem could be transformed into a trace minimization problem which can be solved using any of the available convex optimization software packages such as MATLAB's LMI Toolbox [10] . Finally, Khaber et. al. designed a state feedback controller based on a two-rule T-S fuzzy model of an inverted pendulum on a cart where they also wrote a MATLAB code to solve the LMIs [11] .
However, it's difficult to find a common Lyapunov function that satisfies the stability of all fuzzy sub-systems for complex nonlinear systems. Beyond this limitation, a mathematical model of the system is also required. Rustamov et. al. determined the optimal switching times for the switching function with respect to a macro variable (Euclidean norm of the state variables) and its derivatives, in the fuzzy relay regulator synthesis problem [12] . They showed that a fuzzy control strategy can be constructed for many dynamical systems without mathematical models. Then Rustamov and Namazov developed a fuzzy system synthesis method which can stabilize the systems without mathematical models [13] .
Takagi-Sugeno Fuzzy Model
T-S fuzzy model is described by fuzzy IF-THEN rules where each fuzzy rule expresses the local dynamics of the nonlinear system by a linear system. Then the overall fuzzy model of the system is obtained by fuzzy blending of linear system models. The i th rule of a continuous T-S fuzzy system can be written as:
IF z 1 (t) = M i1 ... and z n (t) = M in THEN x = A i x + B i u where z 1 (t), z 2 (t), ... , z n (t) are premise variables, x ∈ R n x 1 is the state vector, r is the number of rules, M ij are input fuzzy sets, u ∈ R m x 1 is the input, A i ∈ R n x n is the state matrix and B i ∈ R n x n is the input matrix. z 1 (t), z 2 (t), ... , z n (t) premise variables should be functions of the state variables, external disturbances and/or time. Given a pair of (x(t), u(t)) the final output of the fuzzy system is inferred as: 
Parallel Distributed Compensation
PDC provides an easy and straightforward procedure to design a fuzzy controller for the control of a nonlinear system which is described by a T-S fuzzy model.
In PDC design, a control rule is constructed for each rule of the T-S fuzzy model. The designed fuzzy controller and the T-S fuzzy model have the same fuzzy sets in premise parts. There are linear controllers in consequent parts of the control rules. Thus, the i th rule of the controller is as follows:
In this case, fuzzy control rules have state feedback controllers in consequent parts. The overall fuzzy controller is represented as
The design problem is to determine the local feedback gains K i in consequent parts. Note that the overall fuzzy controller is nonlinear in general.
Stability Analysis of Fuzzy Control Systems Using LMIs
Let us replace (5) in (4) . Then the closed loop control system is expressed as
Closed loop system (6) can be written as [5] . The closed loop fuzzy control system (6) is globally asymptotically stable if there exists a common positive-definite matrix P which satisfies the following Lyapunov inequalities:
G ij T P + PG ij < 0, i < j ≤ r Pre-multiplying and post-multiplying the both sides of inequalities in (9) by P −1 and using the following change of variables:
we obtain the following LMIs:
If the LMIs shown in (11) have a common positivedefinite solution then the stability is guaranteed.
Optimal Performance Using Guaranteed-cost Approach
In most of the practical applications, the controller has to satisfy certain design criteria other than the stability. In this section, we try to minimize a linear quadratic performance measure which represents the regulation error and control effort. It's known from linear quadratic regulation (LQR) theory that the problem of minimizing the cost function (14). If we write the Lyapunov equation as a matrix inequality instead of an equality, then the solution of the inequality will be an upper bound on the performance measure and J can be obtained by minimizing the upper bound. This result holds for a single LTI system but it can be extended to the case of (6) . To avoid the dependency of the cost function J on initial conditions, it's assumed that the initial conditions are random variables with zero mean and a covariance equal to identity as follows:
E{x 0 } = 0 E{x 0 x 0 T } = J where E is the expectation operator. The objective is to minimize the expected value of the performance index J with respect to all possible conditions with zero mean and covariance equal to identity.
Lemma [8] . For random initial conditions with zero mean and covariance equal to identity, we have (16) Ex 0 {x 0 T Px 0 } = tr(P) Theorem 2 [8] . Consider the closed loop fuzzy control system (6). Then we have the following bound on J:
where P is the positive-definite solution of the following inequalities:
Multiplying both sides of (18) by P −1
and using the same change of variables in (10), we can write (18) as
The basic LMI lemma [7, 15] allows the conversion of (19) into equivalent linear matrix inequalities. Then the upper inequality of (19) can be written in the following form:
where all members of Q 1/2 and R 1/2 are symmetric factorizations of weighting matrices Q and R respectively, satisfying
Therefore we can write (19) as
The design objective becomes
This is a convex programming problem because
) is convex in matrix variable Y > 0 and (21) define the convex regions for matrix variables X and Y. However, most of the available software deals only with linear objective functions. Nesterov and Nemirovskii state that to solve a convex problem by an interior point method, the problem should be first reduced to minimizing a linear objective over a convex domain [16] . MATLAB LMI Toolbox also suffers from this limitation. Therefore to deal with this problem, the following linear matrix inequality is added to (21): 
Simulation and Results
The problem of balancing an inverted pendulum controlled by a dc motor via a gear train, is considered to illustrate the design approach. The model in [17] which is illustrated in figure 1 , is used as our plant. Armature controlled dc motor is shown schematically in figure 2 .
The state variables and the plant output are as follows: 
.
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The state equations describing the plant can be written as 
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T-S Fuzzy Model of the Plant
The two-rule T-S fuzzy model is as follows: 
and M 2 are fuzzy sets defined as
This fuzzy model exactly represents the dynamics of the nonlinear system under − π ≤ x 1 (t) ≤ π.
Description of Model Based T-S Fuzzy Control Toolbox
There are a lot of efforts put by researchers into the creating of fuzzy model by using the numerical data and development of updating methods. Fuzzy Modeling and Identification toolbox has been developed in order to automatically create the fuzzy model using the measured data. This tool linearly characterizes gathered data by dividing them into subsets according to fuzzy set techniques. Later on the multivariable T-S model is generated out of these available fuzzy sets.
Fuzzy Identification generally termed as creating fuzzy models from gathered data. There are two main approaches while the integration of knowledge and data. In the first case the verbally gained professional asked data converted into If -Then rules. Subsequently the exact model structure is created. This structure parameters are tuned by using input output variables. Actually specific tuning algorithms are within the computer and considered as one layered artificial neuro network. Mentioned approach generally called as neuro -fuzzy modelling. If only numerical data is considered for formulating rules and creating fuzzy model without having any prior knowledge about the system then it is referred as the second case. In turn, established rules and membership functions should identify the system behavior.
Figure 3. Modelling Model Based T-S Fuzzy Control Toolbox
An expert can modify rules by comparing his/her knowledge with generated ones, add new or perform some extra experiments in order to obtain relevant information.
Fuzzy Modeling and Identification toolbox consists from below mentioned commands:
fmclust: The fmclust function constructs a multivari- While analyzing advantage and disadvantages of existing software we have found that there is no simulation software available for fuzzy control systems.
The Modelling Model Based T-S Fuzzy Control Toolbox has been created by us in order to be able to simulate fuzzy control systems. The library of this toolbox shown in figure 3 .
This toolbox consists of 4 main groups: States, Operators, Rule Makers and Additional Tools. In addition, the Call LMI block is created for calling relevant m file function for running system's LMI code. There are also extra groups such as: Rule Makers Block -where users can create their own rules;
Rule with Control and Uncertainties
Gammas Block -where uncertainty types can be also added to the system; Edit Plot Block -where modifications can be made over drawn plots;
Call LMI Block -written LMI code can be called within the Simulink;
The Multiplexer/Demultiplexer tools that located in 
Controller Design Using MATLAB Model Based T-S Fuzzy Control Toolbox
The closed-loop control system (6) was built using Simulink as shown in figure 10 . Fuzzy operations block is shown in figure 11 . figure 12 where K 1 and K 2 were determined as: 
Conclusions
The purpose of this study is to present a systematic design procedure that guarantees both the stability and optimal performance of T-S fuzzy systems. We see that the state feedback controller design for nonlinear systems described by T-S fuzzy models, can be reduced to a linear matrix inequality problem which can be solved using commercially available software packages. It's obvious that the control strategy constructed in the proposed design approach has a superior performance (see figure 12 ). Therefore, the systems characterized by their nonlinearities such as robot manipulators can be controlled using this strategy in a straightforward, easy and systematic way.
As stated earlier; stability, optimality and robustness are important research areas in fuzzy control systems. Recently, these concepts are getting more interesting as stated in one of Zadeh's papers [18] . Zadeh says that in reality most scientific concepts such as stability are actually fuzzy and as an illustration he considers the definiton of the Lyapunov stability which is bivalent, i.e. a system is either stable or unstable, with no degrees of stability allowed. He points to the need for redefiniton of many basic concepts in scientific theories with an illustration.
